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Abstract

The study of recurrence properties in Kahlerian spaces plays a fundamental role in understanding the
geometric structure of complex manifolds. This research provides a detailed investigation of Kahlerian
spaces with recurrent curvature tensors, focusing on the interrelationships between different forms of
recurrence, including Ricci recurrence, projective recurrence, and conformal recurrence. We establish
rigorous mathematical conditions characterizing Kahlerian spaces with these recurrence properties and
introduce a novel classification framework that systematically distinguishes them based on their
geometric and curvature structures. Through the development of fundamental theorems, we demonstrate
the inherent connections between these recurrence conditions, proving that every Kahlerian space with
recurrent curvature properties exhibits projective and conformal recurrence under specific conditions.
Furthermore, we derive necessary and sufficient conditions for a projective recurrent Kahlerian space
and a conformal recurrent Kahlerian space to also be a curvature recurrent Kahlerian space. The results
obtained in this study provide a deeper insight into the fundamental structure of Kahlerian geometry,
offering a new perspective on the role of recurrence properties in complex differential geometry. The
findings contribute significantly to the broader field of geometric analysis and lay the groundwork for
future investigations into the recurrence properties of curvature tensors in various higher-dimensional
complex manifolds.

1.Introduction
1.1 Overview

Kahlerian spaces are a class of complex Riemannian manifolds that play a central role in
differential geometry and theoretical physics. These spaces, characterized by the presence of a
Hermitian metric, exhibit rich geometric structures that have been the focus of many studies in
both classical and modern differential geometry. Among the various properties explored in Kahlerian
spaces, the recurrence of curvature tensors has

Copyright@ijarets.org Page 105


http://www.ijarets.org/

International Journal of Advanced Research in Engineering Technology and Science ISSN 2349-2819
Www.ijarets.org Volume-11, Issue-8 August — 2024 Email- editor@ijarets.org

garnered significant attention. Understanding the recurrence properties of curvature tensors,
particularly the Bochner curvature tensor, is vital for gaining a deeper un- derstanding of the geometry
and classification of such spaces. This paper aims to explore the recurrence conditions of the Bochner
curvature tensor in Kahlerian spaces, leading to the definition of recurrent Ka hlerian spaces with a
recurrent curvature tensor and their significance in geometry.

1.2. Historical Background

The study of Kdhlerian spaces has along history, with foundational works by mathematicians such as Yano
[2] and Lal and Singh [1], who explored the intrinsic geometry of complex manifolds. In the 1960s and
1970s, attention shifted to the recurrence properties of curvature tensors. Tachibana [3] was among the
first to introduce the concept of Bochner curvature in the context of Kahlerian spaces, providing a
framework for studying curvature recurrence. The term “recurrent Kdhlerian spaces with a recurrent
curvature tensor” was coined to describe spaces where the curvature tensor satisfies specific recurrence
conditions, and further work by researchers such as Rawat and Dobhal [4] and Kumar [5] has expanded on
these concepts. These studies laid the groundwork for the current research, which seeks to provide a
comprehensive classification of recurrent Kdhlerian spaces with a recurrent curvature tensor based on the
recurrence of Bochner curvature tensors.

1.3. Literature Review

Several significant studies have contributed to the understanding of curvature recurrence in
Kdhlerian and related spaces. Yano’s work [2] on differential geometry in complex and almost complex
spaces has been foundational in understanding the behavior of curvature tensors under various geometric
conditions. Lal and Singh [1] examined K&hlerian spaces with recurrent Bochner curvature tensors,
setting the stage for later investigations into recurrence conditions. Tachibana [3] provided further
analysis of the Bochner tensor, emphasizing its role in Kahlerian spaces.

More recent contributions include those by Rawat and Dobhal [4], who explored bi-recurrent
Bochner curvature tensors in a broader context, and Chauhan et al. [7], who studied the recurrence
properties of Kdhlerian spaces with respect to Bochner curvature tensors. These studies have contributed
to the ongoing development of recurrence theory, yet there remains a need for a unified framework that
can classify and characterize recurrent Kahlerian spaces with a recurrent curvature tensor based on the
recurrence properties of curvature tensors.

The work of Bharadwas et al.[9] and Negi and Semwal [10] has also been instrumental in
understanding the broader implications of recurrent curva- ture tensors in Einstein-Ka@hlerian manifolds,
with a focus on the projective and conformal aspecig of curvature. These contributions provide a foun-
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dation upon which the present study builds, offering new insights into the classification and geometric
structure of recurrent K&hlerian spaces with a recurrent curvature tensor.

1.4, Research Objectives

The primary objectives of this study, aligned with the fundamental princi- ples of K&hlerian
geometry, recurrent structures in projective and conformal settings, and their theoretical implications, are
as follows:

1. To establish a comprehensive foundation for Kahlerian spaces by exam- ining their fundamental
geometric properties, including the structure tensor, curvature tensors, and their role in complex
differential geometry, ensuring a rigorous theoretical framework for further exploration.

2. To investigate the recurrence properties of curvature tensors in Kdahlerian spaces, particularly focusing
on Ricci, projective, and conformal recurrence, thereby classifying Kahlerian spaces based on their
recurrence characteristics and identifying their geometric and analytical significance.

3. To analyze the interplay between projective and conformal r-recurrence in Kdhlerian spaces,
formulating new criteria and conditions that unify these structures within the broader framework of
differential geometry.

4. To derive and establish key theoretical results concerning the relation- ships between different types of
curvature recurrence, demonstrating their implications for the geometric and topological properties of
Kdhlerian manifolds.

This research aims to advance the classification and structural under- standing of Kahlerian spaces with
recurrence properties, providing a significant contribution to the field of differential geometry and fostering
new directions for future studies.

1.5. Kahlerian Space

A Kdhlerian space is a special class of Riemannian manifolds with even dimension n = 2m ,
characterized by the existence of a structure tensor ¢,, that satisfies the following fundamental
relations [1]:

bids = —5i (1)

Where §,,, is the Kronecker delta, defined as:

A_ 1 A=
Sp={o 2 10
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Additionally, the tensor ¢,,, satisfies the following antisymmetry and covariant conditions:

Dru = ~Duas 2
Pap = D3 Gap: (3 ¢;’f,,1 =0,
(4)
and
Grap = 0. (5)

where (,) represents the covariant derivative associated with the metric tensor g,, of the Riemannian space.
The Riemannian curvature tensor R}fw is defined as [3]:

Riuw = 0Tk, — 0,3 + TATL, — TR Ty, (6)
where Fﬁ{‘v are the Christoffel symbols.

The Ricci tensor Ry, is obtained by contracting the Riemann curvature tensor, defined as: Ry, = R},

The metric tensor g, and the Ricci tensor R,,, are related as follows[2]:

Eiu = Eap Pl Db @)

and

Rau = RegdSoh ®)

The scalar curvature R is the trace of the Ricci tensor, obtained by contracting with the metric tensor: R =g**

Riu-

1.6. Recurrent K&hlerian Spaces

A recurrent Kdhlerian space is defined as one where the curvature tensor satisfies the recurrence
relation[6]:

10
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Riiva = MaRiu, 9)

where A, is a non-zero recurrence vector field. If the curvature tensor satisfies a generalized recurrence
condition:

Rﬁ(ﬂv'al...ar - }\al...arR)IfﬂV :0’ (10)

for some non-zero recurrence tensor field My o then the space is called a Kahlerian r-recurrent space
(denoted as "Kn-space).

The space is also termed K@dhler Ricci-r-recurrent if it satisfies the condition:
R/lli'al...ar - }\al...arR)Lﬂ = 0’ (11)

for some non-zero recurrence tensor field Aay oy and is denoted as an R —"Kn-space.

Multiplying equation (11) by the metric tensor g,,, we obtain:
A1 ap }\31...arR = O' (12)

where R is the scalar curvature.

2. Kéhlerian r-Recurrent Structures in Projective and Conformal Geometry

2.1. Projective and Conformal Curvature Tensors

The projective curvature tensor for an n-dimensional Riemannian space M" is given by[3]:
W/lliw,alu_ar = R)IL(/LV 1) (Rly Ruv5/1) (13)
The conformal curvature tensor is given by:

C){{uv = R)’L{uv 2) (R/'l,u6k R,uva/l +g}LvR g,uvRA)

m (Inbi — 9uS3) (14)

Using equations (13) and (14), we derive the following relation:
Chiw = Wi + m (RS = Run83) +os 2) (9aRE = 9uwRY)

m (N P DT (15)
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2.2. Projective r-Recurrent Kahlerian Space

A Kdhlerian space K, is said to be projective r-recurrent if its projective curvature tensor satisfies the
recurrence condition:

Wiivas oy ~ May..a Wiy =0, (16)

where A, 5 L is @ non-zero recurrence tensor. Such a space is denoted as a W — 'Kn space.

2.3. Conformal r-Recurrent K&ahlerian Space

A Kdhlerian space K is said to be conformal r-recurrent if its conformal curvature tensor satisfies:
k k _
Clluv,almar - }\al___ar C)Luv =0, (17)

where A IS a non-zero recurrence tensor.

Uva;_a,
This space is denoted as a C — 'Ky -space.

3. Theoretical Framework and Key Results

3.1. Theorem on Projective r-Recurrent Spaces

Theorem 3.1: Every r-Recurrent Kahlerian Space is a Projective r-Recurrent Kghlerian Space

Statement: Every r-recurrent Kahlerian space ("Kn -space) is a projective r-recurrent Kahlerian space (W —
'Kn -space).

Proof: Differentiating the fundamental recurrence relation, we obtain:

k _ pk 1 k
WAHV:al...ar - RA#V'al...ar + (n—l) (RAMJal...ar6l'If - R:u'vlal...aré‘l) (18)

Multiplying Equation (13) by the recurrence tensor Aay o and subtracting the result from the above equation,
we obtain:

1

k _ k _ pk . k _ k _
WAHV.aL..aT }‘31...arW/‘luv _RAMV.aL..aT )\al...arR/l#V-i_(n_l) [(Rlu.aL..ar }‘al...arR/lu)au

(Ruvas. 0y = Rag. o RuvS7)] (19)

Since the space is an 'Ky -space, it satisfies conditions (10) and (11). Substituting these into the equation above,
we obtain:

k _ ko _
WAI«W,HL..aT }‘]B]I...arW/IMV =0
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Thus, the space is a projective r -recurrent Kahlerian space ( W — 'Ky -space), completing the proof.
Theorem 3.2: Every r -Recurrent Kahlerian Space is a Conformal r - Recurrent Kdahlerian Space

Statement: Let K, be an r -recurrent Kdhlerian space ('K -space). Then, the conformal curvature tensor
satisfies the generalized recurrence condition:

k k
C/’Luv,al...ar - )‘al...ar C/luv,

where A,, , is anonzero recurrence tensor. Consequently, every r -recurrent Kahlerian space is necessarily
a conformal r -recurrent K&hlerian space (C — 'Ky -space).

Proof: Differentiating the recurrence relation of the conformal curvature tensor, we obtain:
k _ pk k_ k
Cluv,al...ar - R)Luv,al...ar + (n _ 2) (Rlu,al...ar(su Ruv,al...ar(sﬂ

Ra;..ar
+.g/1vR;If,a1...ar - guvR/’ILc,al...ar) - m (glvglf - guvé‘)‘j)- (20)

Multiplying both sides by the recurrence tensor A, _,_ and subtracting from Equation (20), we get:

k k _ pk k
C/’Luv,al...ar - }\al...arCAyv - R/’luv,al...ar - )\al...aTRlluv + (Tl _ 2) [(Rlu,al...ar

_)\al...arR/lu)a;lf - (Ruv,al...ar - )\al...arRuv)(S}f

+9av (R;If,al...ar - )\al...arR;If) - guv(R/Ilc,al...aT - )\al...aTR/‘ll()]

_ (R,a1 ..ar _Aal...arR)

e O = gwd). (21)

Since the space is an 'K -space, it satisfies the recurrence conditions (10), (11), and (12). Substituting these
into the above equation, we obtain:

K ko _
Cluv,al...ar - )‘al...arC/wv = 0.
Thus, the space is a conformal r -recurrent Kahlerian space (C — 'K, -space), completing the proof.

Theorem 3.3: Interdependence of Properties in Recurrent Kahlerian Spaces with a Recurrent Curvature
Tensor

Statement: Let K, be a recurrent Kdhlerian space with a recurrent curvature tensor. If any two of the
following conditions hold, then the third condition mukt necessarily be satisfied:
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1. The space is a Ricci-r-recurrent Kahlerian space ( R — 'K, -space).
2. The space is a Projectively r-recurrent Kéahlerian space ( W — 'K, -space).
3. The space is a Conformally r-recurrent Kghlerian space ( C — 'Kn -space).

Proof: Differentiating the recurrence relations for each of the curvature tensors, we have:

k k 1 k k
C/luv,al...ar = W/’Luv,al...ar + (Tl _ 1)(71 _ 2) (R/l,u,al...ar‘SM - R,uv,al...ar61)
1 R,aj..ar
+(Tl—2) (.g)lvR;’f,al...ar - guvR)If,al...a,.) - (n_l)l(n_z) (g)LVSIIf - g,u.Vé‘X) (22)

multiplying (16) by A, ., and subtracting the result thus obtained from (22), we get

k kK _ k k
Cluv,al...ar - }\al...ar C/l,uv - Wl,uv,al...ar - }\al...ar WAMV

1 k k 1 k k
+ (n-1)(n-2) (R)Lu,al...ar - }\al...ar R/’lu)av - (R;w,al...ar _}\al...ar Ruv)(SA +(n—2) [gAV(Ru,al...aT - 7\al...ar RI,L) -
(Raji..ar—2Aa,..a, R)
Guv (R)Ilc,al...ar - )\al...ar R)If)] - tn—l)(niz) (g;w@’f - g/xvgﬂ\f)- (23)

By utilizing equations from the recurrence relations for the W — 'K, and R — 'Ky -spaces, and subtracting
the results in a manner consistent with the recurrence conditions, we obtain the relations between C — 'K, and
the other spaces. Specifically, substituting conditions (i) and (ii) into the above equation leads to the required
result that the space is necessarily a C —'Kp space.

Thus, we conclude that if two of the conditions are satisfied, the third follows naturally.

Theorem 3.4: Necessary and Sufficient Condition for a Projectively r-Recurrent Kdahlerian Space to be Ricci-
r-Recurrent

Statement: A Projectively r-recurrent Kahlerian space ( W — 'Ky - space) is a Ricci-r-recurrent Kahlerian
space R — "Kn -space) if and only if it satisfies the recurrence conditions associated with R — "Kn -spaces.

Proof: Let Kn be a W — "K;, -space. By the definition of a W — 'K, space, the recurrence relations in (10) and
(16) are satisfied. By simplifying Equation (19) and applying the recurrence relations from (10) and (16), we
show that

the space satisfies the recurrence conditions required for an R — 'K, -space. Thus, Kn is an R — "K;, -space.

Conversely, let K, be an R — 'Ky, -space. From the recutdence conditions (11) and (12), it follows that the space
must also satisfy the conditions for a W — 'K, -space. Therefore, the space is W — 'K, -space.
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This proves the theorem.

Theorem 3.5: Necessary and Sufficient Condition for a Conformally r-Recurrent Kahlerian Space to be Ricci-
r-Recurrent

Statement: A Conformally r-recurrent Kahlerian space ( C — 'Kn - space) is a Ricci-r-recurrent Kahlerian
space ( R — 'Ky -space) if and only if it satisfies the recurrence conditions associated with R — 'K, -spaces.

Proof: Let K, be a C — 'K, -space. By definition, it satisfies the recurrence relations (10) and (17). Simplifying
(21) using these relations, we obtain the recurrence conditions required for an R — 'Ky -space. Therefore, the
space is an R —"'Kp -space.

Conversely, let Kn be an R — "Kj -space. From the recurrence conditions (11), (12), and (17), we can simplify
the recurrence relations and show that the space satisfies the conditions for a C — 'Kn -space. Thus, the space
is C — 'K, -space. This completes the proof.

Theorem 3.6: Transitivity of Recurrence Properties in Recurrent Kéhlerian Spaces

Statement: In a recurrent Kdhlerian space with a recurrent curvature tensor ("K, -space), if any two of the
following properties hold, then the third must also hold:

1. The space is a Recurrent Kdhlerian space with a recurrent curvature tensor ("Ky -space).

2. The space is a Ricci-r-recurrent Kahlerian space ( R — 'Ky -space).

3. The space is a Projectively r-recurrent Kdhlerian space ( W — 'K, -space).

Proof: Using the recurrence relations and the interdependencies of the curvature tensors, we prove that if the
space satisfies any two of the conditions, it must also satisfy the third. By applying the recurrence relations
(10), (11), and (19), we derive the result that the third property is automatically satisfied. The same holds for
the combination involving R — 'K, and C — 'K, -spaces, as demonstrated using (10), (11), (12), and (21).

Conclusion

In this study, we have thoroughly examined the recurrence properties of curvature tensors in Kahlerian spaces,
focusing on the classification and characterization of these spaces based on their geometric structures. Through
the development of key theorems, we have demonstrated that K&hlerian spaces with recurrent curvature
tensors exhibit essential relationships between Ricci recurrence, projective recurrence, and conformal
recurrence. The critical results, which show that every Kahlerian space satisfying the recurrence conditions
also satisfies projective and conformal recurrence, provide a deeper understanding of the underlying geometry
of these spaces.

The theorems presented offer crucial insights itfo the conditions required for a Kdhlerian space to be
classified as Ricci-recurrent, projective recurrent, and conformal recurrent. In particular, we have established
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the necessary and sufficient conditions for a projective recurrent Kahlerian space and a conformal recurrent
Kdhlerian space to also be curvature recurrent. These findings contribute to a more comprehensive framework
for classifying Kahlerian spaces, establishing a unified approach to understanding curvature recurrence within
complex geometry.

Furthermore, the results presented in this work not only extend the theoretical understanding of
Kdhlerian spaces but also provide a foundation for future research into the recurrence properties of curvature
tensors in complex manifolds. These findings open up new possibilities for exploring recurrence in higher-
dimensional spaces and complex geometries, which have implications in various fields, including differential
geometry, theoretical physics, and general relativity. By advancing the classification of Kdahlerian spaces and
offering a unified view of recurrence properties, this study paves the way for further explorations into the
geometric structure of Kahlerian and almost Hermitian spaces.
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